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ABSTRACT. Let B and R be two simple graphs with vertex set V, and let G(B, R) be the simple
graph with vertex set V, in which two vertices are adjacent if they are adjacent in at least one of B
and R. For X C V, we denote by B|X the subgraph of B induced by X; let R|X and G(B, R)|X
be defined similarly. A cligue in a graph is a set of pairwise adjacent vertices. A subset U C V is
obedient if U is the union of a clique of B and a clique of R. Our first result is that if B has no
induced cycles of length four, and R has no induced cycles of length four or five, then every clique
of G(B, R) is obedient. This strengthens a previous result of the second author, stating the same
when B has no induced C4 and R is chordal.

The cligue number of a graph is the size of its maximum clique. We say that the pair (B, R) is
additive if for every X C V, the sum of the clique numbers of B|X and R|X is at least the clique
number of G(B, R)|X. Our second result is a sufficient condition for additivity of pairs of graphs.

1. INTRODUCTION

Throughout this paper B (for “Blue”) and R (for “Red”) are two graphs (identified with their
edge sets) on the same vertex set V. If in this setting B U R is a clique, then it is not necessarily
the case that V is the union of a clique in B and a clique in R. It is not even always true that
w(B) + w(R) > |V| (where, as usual, w(G) is the maximal size of a clique in G). For example, if B
is the random graph and R is its complement, then w(B) = w(R) = O(log |V|). If B is the disjoint
union of k cliques of size k each, and R is its complement, then |V| = k? while w(B) = w(R) = k,
and in this case B does not contain an induced Cy and R does not contain induced cycles of length
larger than 4 (but it does contain induced Cjys). In this paper we study sufficient conditions on B
and R for the above two properties to hold. Namely, we shall find conditions implying that a clique
in G(B, R) is the vertex union of a clique in B and a clique in R, and conditions implying that the
sum of the clique numbers of B and of R is the clique number of their union.

For B and R as above, we denote the union of B and R by G(B, R), so two vertices in V are
adjacent in G(B, R) if they are adjacent in at least one of B and R.

Definition 1.1. We say that a subset U C V is obedient if there exists an R-clique X and a
B-cliqgue Y such that U = X UY . We say that it is size obedient if |U| < w(B|U) + w(R|U).

In the above definition of obedience we may clearly assume that X N Y = (). We then say that
the pair (X,Y) is a good partition of U.

The original motivation for our study came from a theorem of Tardos, on 2-intervals. A 2-interval
is the union of 2 intervals, each on a separate line. In [5] Tardos proved the following:

Theorem 1.2. If F is a finite family of 2-intervals, sharing the same pair of lines, then 7(F) <
2u(F'). Moreover, if v(F') = k then there exist k points on the first line and k points on the second
line, that together meet all 2-intervals in F.
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The research of the second author was supported by BSF grant no. 2006099.
The research of the third author was supported by BSF grant no. 2006099, and NSF grants DMS-1001091 and
11S-1117631.
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In the language of union of graphs, Theorem 1.2 is:

Theorem 1.3. Let B and R be two interval graphs on the same vertex set V, and let k be the
mazimal size of a stable set in G(B, R). Then there exist k cliques C1,...,Ck in G and k cliques
Cki1,.-.,Co, in R such that V = U?il C;.

This result is non-trivial even for & = 1. In [1], the second author of this paper generalized the
result of Tardos to chordal graphs. The case k = 1 of this result is:

Theorem 1.4. Let B and R be two chordal graphs on the same vertex set V. If G(B,R) is a
complete graph, then V' is obedient.

The methods used in [5] and [1] are topological. However, for £ = 1 a combinatorial proof is
known. This proof yields the stronger result, for whose formulation we need some further definitions.
A stable set of G is a clique of G¢, the complement of G. For a subset X of V(G), the graph G|X
is the subgraph of G induced by X. For a graph H, we say that G contains H if some induced
subgraph of G is isomorphic to H. If G does not contain H, then G is H-free. If ‘H is a family of
graphs, then G is H-free if G is H-free for every H € H.

Let £ > 3 be an integer. We denote by C} the cycle on k vertices. For a graph G, if vy,...,v; €
V(G) are distinct vertices such that v;v; € E(G) if and only if |i — j| =1 or |[i — j| = k — 1, we say
that v1 — ... — v — vy is a Ck in G. A graph is chordal if no induced subgraph of it is a cycle on at
least four vertices.

The combinatorial proof of Theorem 1.4 yields that it suffices to assume that one of the graphs
is chordal, and the other is Cy-free. The main result in the first part of the paper is a further
strengthening of this fact:

Theorem 1.5. Let B and R be two graphs on the same vertex set V', such that B is {Cy, Cs}-free,
and R is Cy-free. If G(B, R) is a complete graph, then V is obedient.

A graph is called split if its vertex set can be split into a clique and an indpendent set. Theorem
1.5 is a generalization of the well-known characterization of split graphs [2]: a graph is split if and
only if no induced subgraph of it is a cycle on four or five vertices, or a pair of disjoint edges (the
complement of a 4-cycle). .

A corollary of Theorem 1.5 is:

Theorem 1.6. Let B and R be two graphs on the same vertex set V', such that B is {Cy, C5}-free,
and R is Cy-free. Then w(G(B,R)) <w(B) +w(R).

Here is a symmetric formulation of Theorem 1.6:

Theorem 1.7. Let B and R be two graphs with vertex set V, and suppose that some clique in
G(B, R) is not obedient. Then either

e one of B, R contains Cy, or
e both B and R contain Cs.

We remark that neither conclusion of Theorem 1.7 is redundant, namely each may occur while
the other does not. Let B|X be isomorphic to Cy4 for some X C V, and R|X = B°|X; then X is
a clique in G(B, R), and yet X cannot be expressed as the union of a clique of B and a clique of
R. Similarly, let B|X be isomorphic to C5 for some X C V, and R|X = B¢|X (and thus R|X is
also isomorphic to Cs); then again X is a clique in G(B, R), and yet X cannot be expressed as the
union of a clique of B and a clique of R. Thus Theorem 1.7 provides an answer to the question: for
which pairs (B, R) every clique of G(B, R) is obedient?

Our second goal is to give sufficient conditions concerning w(G(B.R)).
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Definition 1.8. The pair (B, R) is additive if for every X CV,

w(B|X) 4+ w(R|X) > w(G(B,R)|X).
The following is immediate:

Theorem 1.9. Let B and R be two graphs with vertex set V.. The pair (B, R) is additive if and
only if every clique in G(B, R) is size obedient.

Note that if B|X is isomorphic to Cy for some X C V, and R|X = B¢ X, then w(B|X) =

w(R|X) = 2, and thus

w(B|X) +w(R|X) =|X]|.
So, additivity does not imply obedience, and our goal here is to modify the first conclusion of 1.7,
in order to obtain a characterization of additive pairs.

For a graph G and two disjoint subsets X and Y of V(G), we say that X is G-complete (G-
anticomplete) to Y if every vertex of X is adjacent (non-adjacent) to every vertex of Y. If | X| = 1,
say X = {z}, we write “x is G-complete (G-anticomplete) to Y” instead of “{z} is G-complete
(G-anticomplete) to Y. When there is no risk of confusion, we write “complete” (“anticomplete”)
instead of “G-complete” (“G-anticomplete”).

Let F be the family of graphs with vertex set {ai,as,as,bi,be,b3} where {aj,a2,a3} and
{b1,be,b3} are cliques, a; is non-adjacent to b; for i € {1,2,3}, and the remaining adjacencies
are arbitrary.

Let Py be the graph with vertex set {a1,as, as, b1, ba, bs, c} where

e {aj,as,a3} is a clique,

o {b1,by, b3} is a stable set,

e for i € {1,2,3}, b; is non-adjacent to a;, and complete to {ai,az,as} \ {a;},

e c is adjacent to b1, and has no other neighbors in Fp.
Let P; be the graph obtained from P, by adding the edge cbs, and let P, be the graph obtained
from P; by adding the edge cbs. Let P = { Py, P1, P>}.
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FiGure 1. By FIGURE 2. P; FIGURE 3. P

We can now state our second result.
Theorem 1.10. Let B and R be two graphs with vertex set V. Then at least one of the following
holds:
(1) the pair (B, R) is additive



(2) one of B, R contains a member of F

(3) both B and R contain Cs

(4) both B and R contain P§

(5) B contains F§, and R contains a member of P
(6) R contains P§, and B contains a member of P.

Let us show that, similarly to the state of affairs in Theorem 1.7, all conclusions of Theorem 1.10
are necessary. Taking B to be a member of F (or Cj5), and taking R = B¢, we construct a pair that
is not additive, and that satisfies only (1) (or only (2)). Next, let B = P§, and let R be the graph
obtained from Py = B¢ by adding the edge ca1; then (B, R) is not additive, and it only satisfies (3).
Finally, let B = F§, and let R be the graph obtained from B¢ by adding none, one or both of the
edges cba and cbs; then the pair (B, R) is not additive, and it only satisfies (4). Clearly, (5) is just
(4) with the roles of R and B reversed.

2. PAIRS OF CHORDAL - C4-FREE GRAPHS
We start with a simple proof of Theorem 1.5 in the case that B is chordal.

Theorem 2.1. Let B, R be two graphs on the same vertex set V', such that B is chordal and R is
Cy-free. If G(B, R) is a complete graph, then V is obedient.

Proof. By a theorem of [3], a graph is chordal if and only if it is the intersection graph of a collection
of subtrees of some tree. Let T be a tree, and let (¢, : v € V) be subtrees of T" such that uv € E(B)
if and only of V(¢,) NV (t,) # 0. For z € V(T) and an edge e = zy € E(T) containing it, write
Ve={veV:izxeV(t,)}and Vo ={v eV :ee€ E(t,)}. Note that V is a B-clique. Taking again
e = zy, let Ve denote the set of all v € V' such that ¢, is contained in the connected component
of T — x containing y. Similarly, let V., denote the set of all v € V such that ¢, is contained in
the connected component of 7' — e containing . We also define Vez =V \ (Ve U Vey) = Ve and
Ve =V \ (Ve UVge) = U:C‘Ee,?ée Vier. Note that Voz = V. We write z ~ e if V5 is an R-clique and
write e ~» x if Vz is an R-clique.

Assertion 2.1.1. Every vertex x € V(T') belongs to some edge e € E(T) such that x ~ e. For
every edge e = xy € E(T) either e ~ x or e~ y.

Proof. Let e = xy € E(T) and assume for contradiction that neither V., nor V,, is an R-clique. Let
a,b € Ve, and ¢,d € V,y satisfy ab,cd ¢ E(R). Thena —c—b—d—aisa Cyin R.

Similarly, let z € V(T') and let ey, ..., eq be the edges containing it. By the same argument as
above, all but at most one of the sets Ve, ,..., Vs, are cliques in R. Therefore x ~ e; for some
i=1,....d. 0

Using Assertion 2.1.1 we can choose a vertex zo € V(T') and construct a walk xg~» €1 ~> x1 ~
€9~ Tg ~» €3 ~» T3~ .... Since T is finite and has no cycles, the walk must turn back at some
stage, i.e., there exist some vertex x € V(T') and edge e = zy € E(T) such that z ~ e ~ z.
This means that V,z and V,z = V. are R-cliques. Since V,z is R-complete to V., the union
D =V, UV, =V \V, is also an R-clique. Taking the B-clique C' =V, we get V = C U D. ]

3. PROOF OF THEOREM 1.7

Let B\ R be the graph with vertex set V, such that two vertices are adjacent in B \ R if and
only if they are adjacent in B and non-adjacent in R. The graph R\ B is defined similarly.

Let G be a graph. A set C C V(G) is a cutset if there exist disjoint P,Q C V(G) such that
V(G)\C = PUQ, and P is anticomplete to @ in G. We say that C is a clique cutset if it is a
cutset, and C' is a clique of G.

We start with the following easy observation:
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Lemma 3.1. Let B, R be Cy-free graphs with vertez set V', let C' be a cutset of B\ R, and let P,Q
be as in the definition of a cutset. If G(B, R) is a complete graph then the following hold:

(1) One of P and Q is an R-clique.

(2) Ngr(c) N Q is an R-clique for every c € C with (Ng(c) \ Ng(c)) NP # 0.

(Here and below, if v is a vertex in a graph G we denote by Ng(v) the set of neighbors of v in G.)

Proof. Since G(B, R) is a complete graph, it follows that P is R-compelte to Q. If (1) fails, then
there exist vertices z,y € P and u,v € @ such that zy and uv are edge of B\ R. But now
x—y—u—v—urxisaCyin R, a contradiction. If (2) fails, then there exist x € P and u,v € @
such that zc, uv are edges of B\ R, and so x —u — ¢ —v —x is a Cy in R, again a contradiction.
This proves the theorem. O

A weak clique cutset in B is a clique C' of B that is a cutset in B\ R. Note that a clique cutset
of B is in particular a weak clique cutset, but the converse need not be true. Weak clique cutsets
are useful to us because of the following:

Lemma 3.2. Let B and R be Cy-free graphs with vertex set V', and assume that every proper subset
U CV is obedient. Assume also that G(B, R) is a complete graph. If there is a weak clique cutset
in B (orin R), then V is obedient.

Proof. Let C, P, @ be as in the definition of a weak clique cutset in B, and assume that C' is minimal
with these properties. Since G(B, R) is a complete graph, it follows that P is R-complete to ). The
minimality of C' implies that for every ¢ € C' we have (Ng(c) \ Ngr(c)) N P # (), for otherwise we
could move ¢ to Q. Similarly, (Ng(c) \ Nr(c))NQ # (. By Lemma 3.1(1), we may assume that P is
an R-clique. By the induction hypothesis V' \ P is obedient, namely there exist X, Y C V such that
XUY =V \P, X isa B-clique, and Y is an R-clique; let X and Y be chosen with Y N C' minimal.

We may assume that (X,Y U P) is not a good partition of V', for otherwise the theorem holds.
This implies that there exists p € P such that (Ng(p)\Nr(p))NY # 0. Let Z = (Ng(p)\Nr(p))NY.
Since P is R-complete to @, it follows that Z C C. Choose z € Z with (Ngr(2) \ Ng(z)) N (Q N X)
minimal. Let N = (Ng(z) \ Np(2))N(Q N X). Since z € Y, and Y is an R-clique, we deduce that
z is R-compelte to N UY. Therefore, Lemma 3.1(2) implies that N U (Y N Q) is an R-clique.

By the minimality of Y N C, the pair (X \ N)U{z}, (Y \ {z}) UN is not a good partition of V'\ P.
Since C is a B-clique, so is (X \ N) U {z}. This implies that (Y \ {z}) U N is not an R-clique, and
since Y and N are R-cliques there exists y € (CNY)\ {2z} and n € N such that yn € E(B\ R).
Since p—y — z—n —pis not a Cy in R, it follows that y € Z. By the choice of z, there exists
m € QN X such that my € E(R\ B), and mz € E(B). But now y — z — m — n — y is an induced
Cy4 in B, a contradiction. This proves Lemma 3.2. O

Remark 3.3. Since a chordal graph is either complete or admits a clique cutset (say, the set of
neighbors of a simplicial vertex), Lemma 3.2 yields another proof of Theorem 2.1.

Lemma 3.4. Let B and R be Cy-free graphs with vertex set V', and assume that every proper subset
U of V is obedient. Assume also that B is Cs-free. Let v1 — vy —vs —vg —vs — vy be a C5 in R,
where vivy,v3vy € E(R\ B). Then V is obedient.

Proof. Since v1 — vy —v3 — vy —vs — vy is a C5 in R, it follows that all edges of the cycle v — vg —
v5 — vy — vg — v belong to E(B\ R). Then vevs € E(R\ B), since otherwise v; — vg — vy — v3 — 03
is a Cy in B. Since B is Cy-free, it follows that at least one of the edges vyvs5, v4v5 belongs to E(B).
By symmetry we may assume that vivs € E(B). Since v; — vqg — v2 — v5 — v1 is not an induced Cy
in B, it follows that v4vs € E(B).

We now observe that there is a unique good partition of {v1, .., v5}, namely the B-clique {v4, vs,v1}
and the R-clique {vo,v3}. Let u € V\{v1,...,vs}. Note that the set {u,v1,...,v5} is obedient. This
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can be seen by exhaustive search. Another way to see this is to note that G|{(u,v1,...,vs} is not
isomorphic to Cg and does not contain Cy or C5, and is therefore chordal, so the set {u,v1,...,v5}
is obedient by Lemma 2.1. This implies that every vertex of V' \ {vy,..,v5} is either R-complete to
{va,v3} or B-complete to {vy, vy, vs}.

Let A be the set of vertices in V' \ {v1,..,u5} that are not R-complete to {ve,v3}. Then A is
B-complete to {v1,v4,v5}. We claim that A is a B-clique. Assume for a contradiction that there
exist two distinct vertices u, v in A such that uwv ¢ E(B). Then each of u and v is not R-complete
to {ve,v3}. By symmetry we may assume that uvy € E(R). If vug ¢ E(R) then v —vy —u—v1 —v is
a Cy in B, a contradiction. Thus vvy € F(R), and consequently vvs ¢ F(R). Exchanging the roles
of v9 and v3 we deduce that uvs € E(R). But now u — v —ve —vg —u is a C4 in R, a contradiction.
This proves the claim that A is a B-clique.

Since no vertex of A is R-complete to {ve,vs}, it follows that A is B-complete to {vi,v4,v5},
and so the claim of the previous paragraph implies that A U {v1,v4,v5} is a B-clique. Let Z =
V\ (AU {vy,v4,v5}). If Z = {vy,v3} then AU {vy,v4,v5}, Z is a good partition of V', and so V is
obedient. Thus we may assume that Z \ {ve,v3} # 0. Since {vq,v3} is R-complete to Z \ {v2,v3},
it follows that A U {v1,v4,v5} is a weak clique cutset in B, and hence V' is obedient by Lemma 3.2.
This proves Lemma 3.4. U

We can now prove Theorem 1.7, which we restate:

Theorem 3.5. Let B and R be two graphs with vertex set 'V, and suppose that some clique of
G(B, R) is not obedient. Then either

e one of B, R contains Cy, or
e both B and R contain Cs.

Proof. Suppose that the theorem is false, and let B, R be graphs with vertex set V', such that some
clique of G(B, R) is not obedient, and

e both B and R are Cy-free, and

e at least one of B and R is Cs-free.
We may assume that subject to these conditions V, B, R and G(B, R) are chosen with |V| minimum.
Then G(B, R) is a complete graph, and so every pair of vertices of V' is an edge of at least one of
B, R. The minimality of |V| implies that V is not obedient, but U is obedient for every proper
subset U of V.

Let C be a cutset of B\ R, and let P, Q be as in the definition of a cutset. Then P is R-compelte
to Q. We may assume that C is chosen so that the number of edges in (R \ B)|C' is minimum. We
may also assume that C' is a minimal cutset of B\ R, which implies that for every ¢ € C, the sets
Np\r(c) N P and Np\g(c) N Q are both non-empty.

By Lemma 3.1(1) we may assume that P is an R-clique. Let Z be the set of vertices of C' that
have an R\ B-neighbor in C. By Lemma 3.2 Z # (. Let z € Z be with Np\(2z) N P minimal
(which is the same as saying that Ng(z) N P is maximal). Let N = Np\g(z) N P. Let y € Z satisfy
zy € E(R\ B).

Assertion 3.5.1. y is B\ R-complete to N.

Proof. Assume that there exists a vertex n € N such that yn € F(R). By the minimality property
of z, there exists a vertex m € Np\r(y) \ Np\r(2). Then y — 2z —m —n —yisa Cyin R, a
contradiction. 0

Assertion 3.5.2. N is B-complete to C.

Proof. Suppose that there exist x € C' and n € N such that an € R\ B. Since z —x —y—n —z
is not a C4 in B, and since, by Assertion 3.5.1, zn,yn belong to F(B) (in fact, to E(B\ R)), it
6



follows that at least one of zz,zy is in E(R\ B). This implies, in particular, that x € Z. By the
minimality of z, the fact that zn € E(R) implies that there exists p € P such that xp € E(B\ R)
and zp € E(R). Since x —n —p— z —z is not a Cy in R, it follows that 2z € E(B \ R) (recall that
pn € E(R) since P is an R-clique). Therefore, since  —y —n — z — z is not a Cy in B, we deduce
that xy € E(R\ B). Since n —p —y —x —n is not a Cy in R, it follows that yp € E(B \ R).
Summarizing the information in the last paragraph, we see that p—n—o —y —z —pisa Cs in
R, containing two disjoint edges nz,yz € E(R\ B). Consequently, B is Cs-free, and so Lemma 3.4
implies that V is obedient, a contradiction. ]

Assertion 3.5.3. P = N.

Proof. Suppose not. Then (C'\ {z})UN is a cutset in B\ R (since P\ N is R-complete to QU {z}).
Now, since N is B-complete to X, this contradicts the minimality of the number of edges of

(R\ B)|C. O
By the minimality of z, and the fact that NV is B-complete to C', Assertion 3.5.3 implies:

Assertion 3.5.4. P is B\ R-complete to Z, and P is B-complete to C.

Assertion 3.5.5. P is a B-clique.

Proof. Suppose not, and let u,v € P such that uv € E(R\ B). Thenu—z—-v—y—wuisa Cyin B,
a contradiction. O

So far we focused mainly on the edges with ends in C' U P. We now switch our attention to the
edges with ends in C' U Q. Let 2’ € Z be such that N’ = Np\g(2') N Q is minimal. Let y' € Z
satisfy y'2' € E(R\ B).

Let ¢ € P. Let (S,T) be a good partition of V' \ {¢} where S is a B-clique and T is an R-clique.
Since Z is not a B-clique, ZNT # (). Since P is B\ R-complete to Z, this implies that P\ {c¢} C S.
Let M be the set of vertices m € Q NS such that em € E(R\ B).

Assertion 3.5.6. M NN’ =0, and therefore 2’ is R-complete to M.

Proof. Tt is enough to prove that M N N’ = (). Assume that there exists an element n € M N N’.
Since n — 2’ — ¢ — 3y —n is not a Cy in B, it follows that y'n € E(R\ B). By the minimality
property of 2’ it follows that there exists ¢ € @ \ N’ such that y'q € E(B\ R) and 2'q € E(R).
Since 2/ —y —n —q— 2" is not a C4 in R, it follows that gn € E(B \ R). By Assertion 3.5.3,
cy',cz € E(B\R). Nown—c—q—2 —y —nisaCsin R. Therefore B is Cs-free. Since
en,y'z' € E(R\ B), Lemma 3.4 implies that V' is obedient, a contradiction. O

Assertion 3.5.7. MU (T NQ) is an R-clique, then V is obedient.

Proof. Suppose that a,b € M U (T NQ) and ab € E(B\ R). Since T is an R-clique, we may assume
that @ € M, and hence by Assertion 3.5.6 az’ € R. Since Z is B\ R-compelte to P, 3.1 (2) implies
that Nr(z') N Q is an R-clique, and therefore b € TN Q, and z is 2’b € E(B \ R). Consequently,
2/ € S. Since 32’ € E(R\ B), we deduce that y' € T. Since both 3’ and b are in T, it follows
that y'b € E(R). Since ¥/ —b—a —c—y' is not a Cy in R, it follows that ay’ € E(B\ R). Now
c—b—y —2 —a—cisaCsin R, and so B is Cs-free. Since ca,y’z’ € F(R\ B), Lemma 3.4 implies
that V is obedient, a contradiction. ]

Let W be the set of vertices in C' NT that are R-complete to M. Since by Assertion 3.5.7
MU (T'NQ) is an R-clique, it follows that W UM U (T'N Q) is an R-clique. Let U = (T'NC)\ W.

Assertion 3.5.8. U is B-complete to S\ M.



Proof. Suppose u € U has an R\ B-neighbor s in S\ M. Since u € U, there exists m € M such that
um isin E(B\ R). Now u —c—s—m —uisa Cyin B (uc € E(B) by Assertion 3.5.4; cs € E(B)
because s ¢ M; and sm € E(B) because s,m € S), a contradiction. O

We claim that D = WUMU(TNQ) is a weak clique cutset in R. By Assertion 3.5.7, WUMU(TNQ)
is an R-clique. By Assertion 3.5.8, U U {c} is B-complete to S\ M. Now since P\ {c¢} C S, and
C\(UuUW)C S, it follows that V(G)\ D C (S'\ M)UU U{c}, and the claim follows. But then V'
is obedient by Lemma 3.2, a contradiction. This proves Theorem 3.5. ]

4. PROOF OF THEOREM 1.10

In this section we prove Theorem 1.10. Let L = w(R) and K = w(B). Suppose that Theorem 1.10
is false, and let B and R be two graphs with vertex set V' such that the pair (B, R) is not additive,
and

both B, R are F-free, and

at least one of B and R is Cs-free, and

at least one of B and R is Fj-free, and

B is Fg-free or R is P-free, and

R is Pj-free, or B is P-free, and

e B and R are chosen with |V| minimum subject to the conditions above.

Let |V| = n. By Lemma 1.9, the minimality of |V| implies that G(B, R) is a complete graph with
vertex set V', and K + L < n. Consequently, neither of B, R is a complete graph, and so, since every
pair of vertices of V' is adjacent in G(B, R), we deduce that K > 2, and L > 2.

Lemma 4.1. n > 6

Proof. Suppose n < 5. Since both K > 2, and L > 2, and K + L < n, it follows that |V| = 5,
and K = L = 2. But then both B and R are isomorphic to Cj, a contradiction. This proves
Lemma 4.1. ]

Lemma 4.2. K+ L=n—1 and for everyv € V, w(B\v) = K and w(R\v) = L.
Proof. Let v € V. Then it follows from the minimality of |V, that
n—1<wB\v)+wR\v) <K+L<n-1.
Thus all the inequlities above must be equalities, namely K + L = n — 1, w(B \ v) = K and

w(R\v)=L.
This proves Lemma, 4.2. ]

We assume without loss of generality that K > L and hence by Lemmas 4.1 and 4.2 we have
K > 3.

For a graph G and two disjoint subsets X and Y of V(G) with |X| = |Y|, we say that X is
matched to Y if there is a matching e1,...,e x| of G, so that for all i € {1,...,|X|}, the edge e;
has one end in X and the other in Y.

Lemma 4.3. Let K, Ko be B-cliques of size K. Then K;\ Ko and Ko \ K1 are matched in R\ B.

Proof. Suppose not. Let k = |K; \ Ko| = |K2 \ Ki|. Then by Hall’s Theorem [4], there exist
Y C K1\ Ko and Z C Ky \ Kj such that |Z| > k —|Y|, and YV is R\ B-anticomplete to Z. Since
G(B, R) is a complete graph, it follows that Y is B-complete to Z. But then (K1 N K2)UY U Z is
a clique of size at least K 4+ 1 in B, contrary to the definition of K. This proves Theorem 4.3. [

Lemma 4.3 implies the following;:

Lemma 4.4. Let K1, Ky be cliques of size K in B. Then |K; \ Ka| < 2.
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Proof. Suppose | K1\ Ko| > 3, and let a1, a2,a3 € K; \ Ks be all distinct. By Lemma 4.3, there exist
by,ba,bs € Ko\ K7, all distinct, such that the sets {aj, a2, a3} and {b1,be, b3} are matched in R\ B.
But then B|{a1,as2,as,b1,bs, ba} is a member of F, a contradiction. This proves Lemma 4.4. [

In view of Theorem 4.2, for every v € V there exists a clique K, of size K in B\ v.
Lemma 4.5. There exist u,w € V such that | K, \ Ky| = 2.

Proof. Let v € V. Since K > 2, there exist distinct vertices u,w € K,. By Lemma 4.4, we may
assume that | K, \ K| =1, where K, \ K,, = {u}. Let = be the unique vertex of K, \ K, (possibly
x = v). Similarly, we may assume that |K, \ K,| = 1, and K, \ K,, = {w}. Let y be the unique
vertex of K, \ K, (again, possibly y = v). By Lemma 4.3 uz is an edge R\ B, and so u is
non-adjacent to x in B. Since y,u € K, it follows that u is adjacent to y in B; consequently = # vy,
and so z € K,,. But now both x and w are in K, \ Ky, and Lemma 4.5 holds. (|

At this point we fix two vertices u,w € V as in Lemma 4.5, namely satisfying |K, \ K| =
Ky \ Ku| = 2. Let Ky N Ky = {vs,...,0x}, and K; = K, (i =3,...,K). Let K, \ Ky = {z1, 22}
and Ky, \ K, = {y1,y2}. Then v; € K, \ K;, and so by Lemma 4.3, there exists p; € K; \ K, such
that v;p; is an edge of R\ B. Consequently, p; ¢ K, U K,,. Also by Lemma 4.3, the sets {x1,x2}
and {y1,y2} are matched in R\ B.

Note next that p; is not B-complete to {z1,z2}. Otherwise, taking a1 = x1, as = x9, agz =
vi, b1 =1, ba = ya, bs = p; shows that Bl{x1,x2,y1, Y2, vi, p;} € F. Similarly, p; is not B-complete
to {y1,y2}.

Since p; is not B-complete to {z1,2z2} nor to {yi1,y2}, by Lemma 4.4 p; is B-complete to
(KyNKy)\{vi}. Since p;v; is an edge of R\ B, it follows that the vertices ps, ..., px are all distinct.

Our next aim is to show that for all 3 <1¢ < K, the vertices p; make the same choice of which
among x1, o they are connected to in R\ B, and similarly for y1,ys. Fix a specific i € {3,..., K},
and without loss of generality assume that p;x2 and p;y2 are both edges of R\ B. Then 9, y2 ¢ K;,
and so, by Lemma 4.4, K, \ K; = {z2,v;} and K, \ K; = {y2,v;}. Consequently,

K; = (Ku N Kuy) U{pi,z1,y1}) \ {vi}.
We next show that the same is true, with the same parameters, for all j between 3 and K. The

Lemma 4.6. For every j € {3,...,K}

Kj = (Ku N Ky) U{pjsz1,91}) \ {v5}

Proof. By the argument above, applied to j instead of i, we deduce that there exist k,m € {1, 2}
such that

Kj = (Ku N Ky) U{pj, xr, ym}) \ {1},

It remains to show that £ = m = 1. Suppose not. Since z1,y; € K; it follows that z1y; is an edge
of B. On the other hand, Lemma 4.3 implies that x1y» and z2y; are edges of R\ B. Since Kj is a
clique of B, we deduce that zy., is an edge of B, and so k = m = 2. But then K;\ K; = {p;, 1,91},
contrary to Lemma 4.4. This proves that k = m = 1, as desired. O

We now write Y = {z1,91,vs3,...,vx} and Z = {z2,y2,p3...,PK }.

Lemma 4.7. The following hold:
(1) Z is a clique of size K in R\ B andY is a clique of size K in B.
(2) The pairs x1ya, x2y1 and vjp; for j € {3,..., K} are adjacent in R\ B, and all other pairs
zy with z € Z and y € Y are adjacent in B.
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Proof. To prove 4.7(1) suppose that Z is not a clique of R\ B. We showed earlier that {z2,y2} is
R\ B-complete to {ps,...,pr}, and that ps,...,px are all distinct. Suppose first that there exist
k,m € {3,..., K} such that pgp,, is not an edge of R\ B. Then

X = (Ku N Ky) UA{pk, P> 21,91 }) \ {0k Um }

is a clique of size K in B, but X \ K, = {pk,pm,v1}, contrary to Lemma 4.4. This proves
that {ps,...,px} is a clique of R\ B. Since {ps,...,px} is R\ B-complete to {x2,y2}, but
{z2,y2,p3,...,pK} is not a clique of R\ B, it follows that zoys is not an edge of R\ B, and therefore
x9 is adjacent to yo in B. Consequently, W = (K, U {y2}) \ {z1} is a clique of size K in B. But
now K3\ W = {x1,y1,ps}, contrary to Lemma 4.4. This proves Lemma 4.7(1).

We now prove the second statement of Lemma 4.7. We have already shown that x1y2, xoy1 and
vip; for i € {3,..., K} are adjacent in R\ B. Next we observe that every other pair (z,y) with
z € Z and y € Y is contained in at least one of the cliques K, K,, K3, ..., Kk, and therefore zy is
an edge of B. O

Next we use the symmetry between B and R in order to obtain more information about maximum
cliques in each of them.

Lemma 4.8. K = L = "1,

Proof. Theorem 4.7(1) implies that L > K. But we assumed that K > L. Thus K = L = "1 (the
second equality following by Theorem 4.2), and the lemma follows. O

It now follows from Lemma 4.7(2) and Lemma 4.8 that V' \ (Y U Z) is a set with exactly one
vertex. We denote this vertex by vg. Let us recall what we know about Y, Z and vg:
V\{vr} =2ZUY, and
ZNY =0, and
Z is a clique of size 25* in R\ B, and
Y is a clique of size ”Tfl in B, and
the vertices of Z can be numbered zi,...,zg, and the vertices of Y can be numbered

Y1,...,YK, such that for 4,j € {1,..., K}, the pair z;y; € B if and only if i # j.

Exchanging the roles of R and B, we deduce also that there exists a vertex vg € V and sets Y’
and Z’ such that
V\{vg} =2Z"UY’, and
Z'NY’ =0, and
Y’ is a clique of size %71 in B\ R, and
Z' is a clique of size 5= in R, and
the vertices of Z’ can be numbered zi,..., 2%, and the vertices of ¥’ can be numbered
Yis- - Yg, such that for 4, j € {1,..., K}, the pair 2y € R if and only if i # j.

—_

e o o o o
[\3‘

We now analyze the way vg attaches to Y and Z.
Lemma 4.9. Leti,j € {1,...,K}. If vg is B-complete to {z;,y;}, then zyy; is an edge of R\ B.

Proof. Suppose that vg is B-complete to {z;,y;} and z;y; is an edge of B. Then i # j. Since
(Y U{vg, zi}) \ {v:} is not an clique of size K +1 in B, it follows that there exists ¢t € {1,..., K}\{i}
such that vgy, is an edge of R\ B. Then t # j. But now B|{vg, 2, y;, Yt, i, 2;} is a member of F,
a contradiction. This proves Lemma 4.9. O

We are finally ready to establish the existence of certain induced subgraphs in B and R.

Lemma 4.10. At least one of the following holds:

(1) B contains F§, or
10



(2) B contains Py or Py, and vy is R\ B-complete to Y, or
(3) B contains Py, and there exists z € Z such that vg is R\ B-complete to (Y U Z) \ {z}.

Proof. Since Z U {vg} is not a clique of size K + 1 in R, it follows that vg has a neighbor in Z in
B\ R. We may assume that vgz; is an edge of B\ R. Since z; is B-complete to Y \ {y1}, Lemma
4.9 implies that vg is R\ B-complete to Y\ {y1}.

Suppose vi has a neighbor in Z \ {21} in B, say vgze is an edge of B. Then by Lemma 4.9 vg
is adjacent in R\ B to y1, and so vg is R\ B-complete to Y. Also, Bl{y1,vy2,ys, 21, 22, 23, VR } is
isomorphic to P if vgzs is an edge of R\ B, and to P, if vrzs is an edge of B, and the second
conclusion of the theorem holds.

So we may assume that vg is R\ B-complete to Z \ {z1}. Now if vgy; is an edge of B, then
Bl{y1,v2, Y3, 21, 22, 23, vr } is isomorphic to F§, and the first conclusion of the theorem holds; and if
vry1 is an edge of R\ B, then B|{y1,y2,ys, 21, 22, 23, Ur } is isomorphic to Py, vg is R\ B-complete
to (Y UZ)\ {21}, and the third conclusion of the theorem holds. This proves Lemma 4.10 O

Applying 4.10 with the roles of R and B reversed, we deduce that either

(1) R contains Ff, or
(2) R contains P; or P, and vp is B\ R-complete to Z', or
(3) R contains Py, and there exists ¥’ € Y’, such that vp is B\ R-complete to (Y U Z") \ {¢'}.

To complete the proof of Theorem 1.10, we now analyze the possible conclusions of 4.10. Observe
first that by Lemma 4.10, each of B, R either contains Fy, or contains a member of P. Thus, if the
first conclusion of Lemma 4.10 holds for at least one of B, R (in other words, one of B, R contains
Ps), we get a contradiction to the third, fourth or fifth assumption at the start of this section.

So we may assume that either the second or the third conclusion of Lemma 4.10 holds for B, and
the same for R. Therefore vg is R\ B-complete to Y. We claim that every vertex of V has at least
two neighbors in R\ B. Since by Lemmas 4.1 and 4.8 |Y|,|Z] > 3, it follows that vr has at least
two neighbors in Y in R\ B, and that every vertex of Z has at least two neighbors in Z in R\ B.
Since vg is R\ B-complete to Y, and every vertex of Y has a neighbor in Z in R\ B, the claim
follows. Similarly, every vertex of V' has at least two neighbors in B\ R.

Next we observe that if the third conclusion of Lemma 4.10 holds for B, then vg has at most
one neighbor in B, and if the third conclusion of Lemma 4.10 holds for R, then vp has at most one
neighbor in R. This implies that the third conclusion of Lemma 4.10 does not hold for either B or
R, and thus the second conclusion of Lemma 4.10 holds for both B and R; consequently each of B
and R contains P; or P». But both P, and P, contain Cs, contrary to the second assumption at
the start of this section. This completes the proof of Theorem 1.10. |

5. FURTHER PROBLEMS

As we have already mentioned, Tardos’ theorem was extended in [1] to pairs of chordal graphs on
the same vertex set. With some trepidation we venture to conjecture that the theorem is valid also
for a pair of graphs as in Theorem 1.10:

Conjecture 5.1. Let B be a {Cy, Cs}-free graph and let R be a Cy-free graph with V(B) = V(R) =
V. Let k be the mazimal size of a stable set in G(B, R). Then there exist k cliques C1,...,Cy in B

and k cliques Ciy1,...,Co, in R such that V = U?il C;.

It is tempting to ask also about the chromatic number of the union of two graphs. For a graph G,
we denote its chromatic number by x(G). Let us restrict ourselves in this case to chordal graphs:

Conjecture 5.2. If B and R are chordal graphs on the same vertex set then x(G(B,R)) <

X(B) + x(R).
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Using the simplicial decomposition of chordal graphs, it is easy to show that in a chordal graph
G the average degree of the vertices does not exceed 2(w(G) — 1) = 2(x(G) — 1). From this follows
“half” of the conjecture, namely: if B and R are chordal then x(G(B, R)) < 2(x(B) + x(R)).
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